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with arbitrary integers g; f , or any other set of states,
which diers from f	
l
g only by the choice of local bases.
It is readily veried that 






(cf.[8]). Like all states, which are diagonal with respect
to the basis f	
kl
g, every state 

commutes with any el-






[8]. In particular, 

is invariant under the LOCC twirl






g, which maps any state
 onto a symmetric state T (), which is diagonal with re-
spect to f	
kl
g. We will in the following make extensive






B. Entanglement measures and state
transformations
For pure bipartite states there exists, under reason-
able assumptions, a unique measure of entanglement:















non entropy of the spectrum fp
i
g of . For simplicity
we will use the same notation for the Shannon and von
Neumann entropy, i.e., S() = S(fp
i
g).
Every pure state ' can by means of LOCC opera-
tions be transformed into maximally entangled states  
in an asymptotically reversible manner, such that the
number of maximally entangled states per copy of '










for n ! 1, where  is
any maximally entangled two qubit state.
For a mixed state  the amount of pure state entangle-
ment which is asymptotically required for the preparation
of  and the amount that can be extracted from it, need
not be the same. However, it is from a physical point of
view obvious, that the entanglement cost E
c
is in general




















; for n!1: (3)
In fact, it was proven in [3, 4, 5], that there are undis-
tillable (E
D







, such that there is some undistillable
entanglement contained in the state, which makes the
distillation process irreversible. One of these examples
investigated in [3] is in fact 

for the case d = 2.




















), where the inmum is taken over all pure












this computation can be simplied [12],
such that E
f
= co () is the convex hull of the function
() = inf

E(')j = T (j'ih'j)
	
: (4)
Moreover, it was shown in [8, 10] that the distillable en-


















is the PPT entanglement assisted distillable entan-
glement. That is, the class of allowed operations leading
to the optimal rate E
+
D
is enlarged from LOCC to maps
preserving the positivity of the partial transpose (PPT)
[14], and the process is in addition assisted by loaned
pure-state entanglement.
C. Discrete uncertainty relations
The well known Heisenberg uncertainty relation states
that a function and its Fourier transform cannot both
be highly concentrated. Analogous relations can also
be formulated for the case of a nite dimensional vec-
tor c 2 C
d













. It is known, for instance from classical
signal recovery [15] that
jsupp(c)j  jsupp(c^)j  d; (5)
where jsupp(c)j is the number of non-zero components of









where ;  are arbitrary integers,  is any proportionality
constant and d
1





Instead of quantifying the \concentration" of c and c^
by their supports, we could as well use the entropy, and

















 log d: (7)
The case of equality in Eq.(7) was discussed in [16], where





6= 0 have to have the same moduli, such that
Eq.(7) reduces to Eq.(5) and the complete set of minimal
uncertainty vectors is again given by Eq.(6).
We will discuss in the following section, how the en-
tropic uncertainty inequality is for the set of states 

related to the irreversibility of entanglement distillation.
III. GENERIC IRREVERSIBILITY
Our aim is to give a complete characterization of the


















). We have therefore to nd a suÆciently close es-
timate for the entanglement cost, which is considerably
simplied by the symmetry properties of 

.

















) is an entangle-




() holds for every
 with support in V V

. The general form [18] of an
entanglement breaking map, which is such that id 
M



















= 1) and f
j
g is
a set of density operators.
Let us choose V : jli 7! j	
l
i, such that 

is clearly in
the support of V V



















jji has the required property, and
hence, the entanglement cost is indeed equal to the en-
tanglement of formation [19].
Utilizing that 

has a symmetry group G of local uni-
taries, we can furthermore simplify the calculation of E
f
,










= co   : (9)
Now note that co  is strictly smaller than  only on













) = co (

)







). We can therefore dis-
regard taking the convex hull, since it does not alter the
set of states for which equality is obtained.
In order to specify the function (

) we need rst
a characterization of pure states ', which are mapped
onto 

by the twirl operation T (j'ih'j). Since T pre-
serves every expectation value with respect to any ele-
ment of f	
kl
g, and the latter form an orthonormal basis
















Straightforward calculation shows then, that the entan-








, where c^ is
the discrete Fourier transform of c.
Combining all these observations we obtain that cases









) are exactly given by the


































. Due to Eq.(6) the vectors of minimal
uncertainty correspond to a discrete set of states 

. In
other words, the irreversibility of the process of entan-
glement distillation is generic even in the case where the
distillation process is catalytically assisted by pure entan-
gled states and the allowed operations are PPT preserv-
ing rather than LOCC. Moreover, in prime dimensions
Eq.(6) gives only rise to trivial solutions corresponding
to pure states, so that in this case every mixed state 

contains some undistillable entanglement.
We will in the following section have a closer look at











FIG. 1: The relative amount of undistillable entanglement
contained in 
()
for d = 2; 10; 100 (solid, dashed and dotted
curve respectively). Whereas near the separable boundary
( = 0) almost all the entanglement is undistillable, close to
the maximally entangled state ( = 1) most of the entangle-
ment can be revealed by entanglement distillation.
IV. QUASI-PURE STATES
It is not diÆcult to see, that there are entangled mixed
states for which the distillation and preparation processes
are asymptotically reversible. A simple example are pure
states \hidden" in a mixture, which can, however, be bro-
ken up by means of LOCC operations without destroying
entanglement. The simple idea is to add a Hilbert space
H
C




















The locally distinguishable states jti 2 H
C
may either
correspond to one or to both parties. In the latter case
they have to be products such that they do not contain












), since the pure state 
t
can by
construction be identied with unit eÆciency by local
measurements on H
C
. As states of the form  , which
have already appeared in [20], are in this sense essentially
(hidden) pure states, we will call them quasi-pure.





















jj; j + li now. Eq.(6) tells us that




occurs only if the














































where the upper indices label the dimension of the respec-
tive states. The tensor product in Eq.(12) corresponds











rather than to an
AjB split. As pointed out in Sec.II A the second part in
Eq.(12) is, however, a separable state, such that each re-
versible 

corresponds to the trivial case of a quasi-pure
state for which all 
t
are the same. It is evident that





, since the states are already
distilled after discarding the separable part.
V. CONCLUSION
We have discussed the irreversibility of entanglement
distillation for the entire set of non-trivial distillable
mixed states for which the (entanglement assisted) distil-
lable entanglement is known so far. The result is support-
ing evidence for the conjecture that irreversibility in the
distillation process is a generic property of mixed states.
As a byproduct we rederived the discrete entropic uncer-
tainty relation (for complementary observables) from the
simple statement that entanglement is non-increasing un-
der LOCC operations. Within the considered set of states
reversible cases are thus characterized by minimal uncer-
tainty vectors, which in turn were shown to correspond
to quasi-pure states.
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APPENDIX A
Here, we will show how to explicitly calculate the
amount of undistillable entanglement for some states 

.
We can in particular circumvent the calculation of the




Proposition 1 The entanglement of formation of the
state 
()









; : : :g is equal
to the entanglement of formation of an isotropic state

















The entanglement of the latter was calculated in [21].
This result is implied by the general extension method
for isotropic states discussed in [12]. We will, however,
give here a simpler proof, that is based on the fact that
for states diagonal w.r.t. f	
kl
g as well as for isotropic






















Now, consider the pure states giving rise to the minimum




























((f)) = co ((f)): (A3)
Since the convex hull of  is the largest convex function
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